We prove some fixed point theorems for self mappings satisfying some kind of contractive type conditions on complete G-metric spaces.
for all t ∈ (0, +∞). In the present work, we prove some fixed point theorems for self-mappings on complete G-metric spaces. Our results generalize some recent results in the setting of G-metric space.
Definitions and Preliminaries
We begin by briefly recalling some basic definitions and results for G-metric spaces that will be needed in the sequel. Definition 2.1. (see [8] ) Let X be a non empty set, and let G : X × X × X → R + be a function satisfying the following axioms:
(G 1 ) G(x, y, z) = 0 if x = y = z, (G 2 ) 0 < G(x, x, y), f or all x, y ∈ X, with x = y, (G 3 ) G(x, x, y) ≤ G(x, y, z), f or all x, y, z ∈ X, with z = y, (G 4 ) G(x, y, z) = G(x, z, y) = G(y, z, x) = ··· (symmetry in all three variables), (G 5 ) G(x, y, z) ≤ G(x, a, a)+G(a, y, z), f or all x, y, z, a ∈ X, (rectangle inequality).
Then the function G is called a generalized metric , or, more specifically a G-metric on X, and the pair (X, G) is called a G-metric space.
Example 2.2. (see [8] ) Let R be the set of all real numbers. Define G : R × R × R → R + by G(x, y, z) =| x − y | + | y − z | + | z − x |, f or all x, y, z ∈ X.
Then it is clear that (R, G) is a G-metric space.
Proposition 2.3. (see [8] ) Let (X, G) be a G-metric space. Then for any x, y, z, and a ∈ X, it follows that (1) if G(x, y, z) = 0 then x = y = z, (2) G(x, y, z) ≤ G(x, x, y) + G(x, x, z), Definition 2.4. (see [8] ) Let (X, G) be a G-metric space, let (x n ) be a sequence of points of X, we say that (x n ) is G-convergent to x if lim n,m→∞ G(x, x n , x m ) = 0; that is , for any ǫ > 0, there exists n 0 ∈ N such that G(x, x n , x m ) < ǫ, f or all n, m ≥ n 0 . We refer to x as the limit of the sequence (x n ) and write x n (G) −→ x. Proposition 2.5. (see [8] ) Let (X, G) be a G-metric space. Then, the following are equivalent:
(1) (x n ) is G-convergentto x.
(2) G(x n , x n , x) → 0, as n → ∞. Definition 2.6. (see [8] ) Let (X, G) be a G-metric space, a sequence (x n ) is called G-Cauchy if given ǫ > 0, there is n 0 ∈ N such that G(x n , x m , x l ) < ǫ, f or all n, m, l ≥ n 0 that is if G(x n , x m , x l ) → 0 as n, m, l → ∞.
Proposition 2.7. (see [8] ) In a G-metric space (X, G), the following are equivalent.
(1) The sequence (x n ) is G-Cauchy.
(2) For every ǫ > 0, there exists n 0 ∈ N such that G(x n , x m , x m ) < ǫ for all n, m ≥ n 0 .
Definition 2.8. (see [8] ) Let (X, G) and (X ′ , G ′ ) be G-metric spaces and let f : (X, G) → (X ′ , G ′ ) be a function, then f is said to be G-continuous at a point a ∈ X if given ǫ > 0, there exists δ > 0 such that x, y ∈ X; G(a, x, y) < δ implies G ′ (f (a), f (x), f (y)) < ǫ. A function f is G-continuous on X if and only if it is G-continuous at all a ∈ X. Proposition 2.9. (see [8] ) Let (X, G) and (X ′ , G ′ ) be G-metric spaces, then a function f : X → X ′ is G-continuous at a point x ∈ X if and only if it is G-sequentially continuous at x; that is, whenever
Proposition 2.10. (see [8] ) Let (X, G) be a G-metric space. Then, the function G(x, y, z) is continuous in all variables.
Main Results
In this section we present some fixed point theorems for self mappings satisfying various contractive conditions on complete G-metric spaces.
Theorem 3.1. Let (X, G) be a complete G-metric space, and let T : X −→ X be such that
for all x, y, z ∈ X, where a, b, c, d, e ≥ 0 with a + b + c + d + 2e < 1. Then T has a unique fixed point (say u) in X and T is G-continuous at u.
Proof. Let x 0 ∈ X be an arbitrary point and define the sequence (x n ) by x n = T n (x 0 ). Assume x n = x n+1 for all n. Then by (1), we have
So, it must be the case that,
Let q = a+b+e 1−c−d−e , then q < 1 since a + b + c + d + 2e < 1 and by repeated application of (3), we have
Then, for all n, m ∈ N, n < m, we have by repeated use of the rectangle inequality and (4) that
taking limit as n, m, l → ∞, we get G(x n , x m , x l ) → 0. So (x n ) is a G-Cauchy sequence. By completeness of (X, G), there exists u ∈ X such that (x n ) is G-convergent to u. Suppose that T (u) = u, then
Taking the limit as n → ∞, and using the fact that the function G is continuous on its variables, we have
which is a contradiction since 0 ≤ c + d + e < 1. So, u = T (u).
For uniqueness of u, suppose that v = u is such that T (v) = v, then (1) implies that
Thus,
Again by the same argument we will find
Thus, we have
To see that T is G-continuous at u, let (y n ) be any sequence in X such that (y n ) is G-convergent to u. For n ∈ N , we have
Taking the limit as n → ∞, we see that G(u, T (y n ), T (y n )) → 0 and so, by Proposition 2.5, the sequence (T (y n )) is G-convergent to u = T (u). Therefore Proposition 2.9 implies that T is G-continuous at u.
As an application of Theorem 3.1, we have the following Corollary.
Corollary 3.2. Let (X, G) be a complete G-metric space, and let T : X −→ X satisfies for some m ∈ N :
for all x, y, z ∈ X, where a, b, c, d, e ≥ 0 with a + b + c + d + 2e < 1. Then T has a unique fixed point (say u) in X and T m is G-continuous at u.
Proof. From Theorem 3.1, we see that T m has a unique fixed point (say u) in X and T m is G-continuous at u. Since
we have that T (u) is also a fixed point for T m . By uniqueness of u, we get T (u) = u. Theorem 3.4. Let (X, G) be a complete G-metric space, and let T : X −→ X be such that
for all x, y, z ∈ X, where a, b, c, d, e ≥ 0 with 2a + 2b + 2c + d + 2e < 1. Then T has a unique fixed point (say u) in X and T is G-continuous at u.
Proof. Let x 0 ∈ X be an arbitrary point and define the sequence (x n ) by
. Assume x n = x n+1 for all n. Then by (5), we have
Let q = a+c+d+e 1−a−2b−c−e , then q < 1 since 2a + 2b + 2c + d + 2e < 1 and by repeated application of (6), we have
Then for all n, m ∈ N, n < m, we have by repeated use of the rectangle inequality and (7) that
which is a contradiction since 0 ≤ a + 2b + c + e < 1. So, u = T (u).
For uniqueness of u, suppose that v = u is such that T (v) = v, then (5) implies that
To see that T is G-continuous at u, let (y n ) be any sequence in X such that (y n ) is G-convergent to u. Then
Thus, we deduce that,
Taking the limit as n → ∞, we see that G(T (y n ), u, u) → 0 and so, by Proposition 2.5, the sequence (T (y n )) is G-convergent to u = T (u). Therefore Proposition 2.9 implies that T is G-continuous at u.
We see that As an application of Theorem 3.4, we have the following results.
Corollary 3.5. Let (X, G) be a complete G-metric space. Suppose that T : X −→ X satisfies for some m ∈ N :
for all x, y, z ∈ X, where a, b, c, d, e ≥ 0 with 2a + 2b + 2c + d + 2e < 1. Then T has a unique fixed point (say u) in X and T m is G-continuous at u.
Proof. The proof follows from Theorem 3.4 and the same argument used in Corollary 3.2.
Corollary 3.6. (see [13] ) Let X be a complete G-metric space. Suppose there is k ∈ [0, 1) such that the map T : X → X satisfies
for all x, y, z ∈ X. Then T has a unique fixed point (say u) and T is Gcontinuous at u.
Proof. Result follows from Theorem 3.4 by taking a = b = c = e = 0 and d = k.
Theorem 3.7. Let (X, G) be a complete G-metric space, and let T : X −→ X be a mapping which satisfies the following condition
for all x, y, z ∈ X, and 0 ≤ k < 1 3 . Then T has a unique fixed point (say u) in X and T is G-continuous at u.
. Assume x n = x n+1 for all n. Then by (8), we have
and
So, (9) becomes
Let q = k 1−2k , then q < 1 since 0 ≤ k < 1 3 and by repeated application of (10), we have
Then for all n, m ∈ N, n < m, we have by repeated use of the rectangle inequality and (11) that
Then, lim G(x n , x m , x m ) = 0, as n, m → ∞, since lim
which is a contradiction since 0
For uniqueness of u, suppose that v = u is such that T (v) = v, then (9) implies that
As an application of Theorem 3.7, we have the following result.
Corollary 3.8. Let (X, G) be a complete G-metric space, and let T : X −→ X be a mapping which satisfies the following condition for some m ∈ N :
for all x, y, z ∈ X, and 0 ≤ k < . Then T has a unique fixed point (say u) in X and T m is G-continuous at u.
Proof. The proof follows from the previous theorem and the same argument used in Corollary 3.2.
Theorem 3.9. Let (X, G) be a complete G-metric space, and let T : X −→ X be a mapping which satisfies the following condition
for all x, y, z ∈ X, and 0 ≤ k < x n = T n (x 0 ). Assume x n = x n+1 for all n. Then by (12), we get
So, (13) becomes
Let q = k 1−2k , then q < 1 since 0 ≤ k < 1 3 and by repeated application of (14), we have
Then for all n, m ∈ N, n < m, we have by repeated use of the rectangle inequality and (15) that
which is a contradiction since 0 ≤ k < To prove uniqueness of u, suppose that v = u is such that
Thus, (16) becomes
Again by (G 5 ), we have
Therefore (17) implies that
and we deduce that
Some results in the literature related to Theorem 3.7 and Theorem 3.9 are available in [9] . Corollary 3.10. Let (X, G) be a complete G-metric space, and let T : X −→ X be a mapping which satisfies the following condition for some m ∈ N : 
Theorem 3.11. Let (X, G) be a complete G-metric space, and let T : X −→ X be a mapping which satisfies the following condition for all x, y, z ∈ X, and 0 ≤ k < 1 4 . Then T has a unique fixed point (say u) in X and T is G-continuous at u.
Proof. The proof follows from the argument similar to that used in Theorem 3.9. for all x, y, z ∈ X, and 0 ≤ k < 1 5 . Then T has a unique fixed point (say u) in X and T is G-continuous at u.
Proof. The proof can be obtained by the argument similar to that used in Theorem 3.9.
